We extend the microscopic Fermi-liquid theory for the Anderson impurity [Phys. Rev. B 64, 153305 (2001)] to explore non-equilibrium transport at finite magnetic fields. Using the Ward identities in the Keldysh formalism with the analytic and anti-symmetric properties of the vertex function, the spin-dependent Fermi-liquid corrections of order T 2 and (eV ) 2 are determined at low temperatures T and low bias voltages eV . Away from half-filling, these corrections can be expressed in terms of the linear and non-linear static susceptibilities which represent the two-body and threebody fluctuations, respectively. We calculate the non-linear susceptibilities using the numerical renormalization group, to explore the differential conductance dI/dV through a quantum dot. We find that the two-body fluctuations dominate the corrections in the Kondo regime at zero magnetic field. The contribution of the three-body fluctuations become significant far away from half-filling, especially in the valence-fluctuation regime and empty-orbital regimes. In finite magnetic fields, the three-body contributions become comparable to the two-body contributions, and play an essential role in the splitting of the zero-bias conductance peak occurring at a magnetic field of the order of the Kondo energy scale. We also apply our microscopic formulation to the magneto-resistance and thermal conductivity of dilute magnetic alloys away from half-filling.
It shed light on a long standing problem in the Kondo physics away from half-filling, which has been studied for dilute magnetic alloys [1] [2] [3] [4] [5] and quantum dots.
11-14
In the previous two papers, 15, 16 we provided a microscopic description for the higher-order Fermi-liquid corrections away from half-filling, extending the approach of Yamada-Yosida using Ward identities. We have shown that the next-leading Fermi-liquid corrections, which cannot be neglected away from half-filling, are deduced from one of the key features of the vertex function for parallel spins: the ω-linear term of Γ σσ;σσ (ω, 0; 0, ω) becomes pure imaginary with no real part at T = 0 and eV = 0. The additional Fermi-liquid parameters can be expressed in terms of the static three-body correlation functions of the impurity occupations, i.e., n dσ 's.
The first paper is a letter, in which have described an overview of the results that follow from this property. 15 It has been proved in the second paper, hereafter referred to as paper II, that the fermionic anti-symmetry property causes the absence of an ω-linear term in the real part of Γ σσ;σσ (ω, 0; 0, ω). 16 In addition, we have also calculated the ω 2 and T 2 real part of the self-energy at equilibrium using the Matsubara imaginary-time Green's function. 10 In the present paper, we continue the precise discussion started in paper II. We microscopically derive the lowenergy asymptotic form of the Keldysh Green's function, extending the non-equilibrium Ward identities for finite magnetic fields. 12 We also calculate the Fermi-liquid corrections to transport through a quantum dot 11, [17] [18] [19] [20] and also thermoelectric transport 21, 22 in dilute magnetic alloys away from half-filling. In addition, we apply the microscopic description to the multi-orbital case with N impurity components, and present the precise form of the expansion coefficients for the self-energy. The result of the order ω 2 real part of the self-energy, which has been deduced from the Ward identity, completely agrees with the FMvDM's formula. 10 There is, however, a discrepancy in the coefficient of the order T 2 and (eV ) 2 real part for finite magnetic fields. As it affects calculations for the magneto-transport coefficients, we also provide a detailed comparison between our results and those of FMvDM.
In order to see how the higher-order Fermi-liquid parameters evolve as the system deviates from the particlehole symmetric point, we also explore some typical cases using the NRG. The corrections away from the sym-metric case are determined not only by the two-body fluctuations which enter through the linear susceptibilities χ σσ ′ but the three-body fluctuations described by the static nonlinear susceptibilities χ [3] σ1σ2σ3 . Specifically, we see that each of these two types of the fluctuations contributes to the T 2 and (eV ) 2 Fermi-liquid corrections for the conductance through a quantum dot away from half-filling, and also at finite magnetic fields. The result shows that at zero field the contributions of the two-body fluctuations dominate in the Kondo regime, whereas the three-body fluctuations are significant in valence fluctuation and empty-orbital regimes. In contrast, in the case where a magnetic field is applied to the Kondo regime, both the two-body and three-body fluctuations give comparable contributions to the T 2 and (eV ) 2 corrections. We also discuss how these two types of fluctuations contribute to the T 2 corrections of the electric resistance and thermal conductivity of the dilute magnetic alloys.
The paper is organized as follows. In Sec. II, static non-linear susceptibilities and the Ward identities which have been described in paper II are summarized. The non-equilibrium Ward identities for finite magnetic fields are derived in Sec. III. The results for the asymptotic form of the retarded self-energy is described in Sec. IV. Then, in Sec. V, differential conductance of quantum dot is discussed at symmetric tunneling couplings. In Sec. VI, we apply the microscopic Fermi-liquid description to thermoelectric transport of dilute magnetic alloy away from half-filling. A summary is given in Sec. VII.
II. FORMULATION AND SUMMARY OF EQUILIBRIUM PROPERTIES
We study the transport properties in the Fermi-liquid regime away from half-filling in this paper. We consider the single Anderson impurity coupled to two noninteracting leads: We consider the parameter region, where the half bandwidth D is much greater than the other energy scales, D ≫ max(U, ∆, |ǫ dσ |, |ω|, T, eV ). For finite magnetic fields h, the impurity energy takes the form ǫ dσ = ǫ d −σh, where σ = +1 (-1) for ↑ (↓) spin. The relation between the differentiations is The low-bias behavior of the self-energy can be deduced from the equilibrium quantities. Specifically, at T = 0 and eV = 0, the usual zero-temperature formalism is applicable to the causal Green's function defined with respect to the equilibrium ground state,
.
(2.5)
The corresponding T = 0 retarded Green's function is given by G We will write the density of states at the Fermi energy ω = 0 in the following way, suppressing the frequency argument ρ dσ ≡ ρ dσ (0) = sin 2 δ σ /π∆, where
The phase shift δ σ is a primary parameter which characterizes the Fermi-liquid ground state. The Friedel sum rule relates the phase shift to the occupation number which also corresponds to the first derivative of the free energy Ω ≡ −T log Tr e −H/T ,
Second derivative of Ω
The leading Fermi-liquid corrections can be described by the static susceptibilities following Yamada-Yosida:
Note that χ ↑↓ = χ ↓↑ . The renormalization factors are defined by
The susceptibility can be written as a static 2-body correlation function
where δn dσ ≡ n dσ − n dσ . The usual spin and charge susceptibilities are given by
The free energy Ω is an even function of the field h. Therefore, χ c and χ s are also even functions of h. Furthermore, χ ↑↓ is an even function of h,
Similarly, χ ↑↑ +χ ↓↓ is an even function of h, and χ ↑↑ −χ ↓↓ is an odd function of h:
Therefore, χ ↑↑ = χ ↓↓ at zero field h = 0.
Third derivative of Ω
The next leading Fermi-liquid corrections are determined by the static nonlinear susceptibilities, as we will describe later,
It also corresponds to the thee-body correlations of the impurity occupation
Similarly, the n-th derivative of Ω for n = 4, 5, 6 · · · corresponds to the n-body correlation function χ
[n]
σ1σ2σ3··· . The Fermi-liquid corrections can be classified according to n, and the derivative of the Ward identity reveals a hierarchy of Fermi-liquid relations, as described in the next subsection.
The n-body correlation function have permutation symmetry for the spin indexes χ
σ3σ2σ1··· = · · · , and thus it has n + 1 independent components at finite magnetic fields. There are four independent components for the n = 3 case:
for σ =↑, ↓. At zero field h = 0, only two components are independent because χ [3] ↑↑↑ = χ [3] ↓↓↓ and χ [3] ↑↑↓ = χ [3] ↑↓↓ due to the spin rotation symmetry, and ∂χ ↑↓ /∂h vanishes as χ ↑↓ is an even function of h. Furthermore, in the particle-hole symmetric case for which ξ d ≡ ǫ d + U/2 → 0, the phase shift reaches the unitary limit value δ σ → π 2 . Then the charge susceptibility χ c and spin susceptibility χ s take a minimum and a maximum, respectively, and thus
The derivative of the renormalization factors χ σσ ′ can also be written in terms of the susceptibilities,
Note that the derivative of the density of states with respect to the frequency and that with respect to the impurity level can also be written as
Furthermore, the derivative of χ σσ ′ has the permutation symmetry for the spin indexes in a constrained way 22) namely, the spin indexes other than σ can be exchanged.
B. Ward identities at equilibrium ground state
The Ward identity for the causal Green's function for the equilibrium ground state, at T = 0, follows from the local current conservation for each spin component σ,
where
is the vertex function for the causal Green's function in the T = 0 formalism. The Ward identity describes a relation between the vertex function and the differential coefficients of the self-energy.
Leading Fermi-liquid corrections
At the Fermi energy ω = 0, the Ward identity represents the Fermi-liquid relation of Yamada-Yosida, 2,5 i.e., the anti-parallel σ ′ = −σ and the parallel σ ′ = σ spin components of Eq. (2.23) can be written as
Note that Γ ↑↓;↓↑ (0, 0; 0, 0) = Γ ↓↑;↑↓ (0, 0; 0, 0), and Γ σσ;σσ (0, 0; 0, 0) = 0. These parameters also determine low-energy properties of quasi-particles. The residual interaction U and renormalized density of states ρ dσ are given by,
In addition, the Wilson ratio R W and characteristic energy scale T * which at zero field corresponds to the Kondo temperature can be defined in the form
Most of our recent results for the higher-order Fermi-liquid corrections follow from an important property of the vertex function for the parallel spins Γ σσ;σσ (ω, 0; 0, ω), i.e., its ω-linear part does not have an analytic real component but has a pure imaginary nonanalytic |ω| component,
From this property of the vertex correction, the order ω 2 term of the self-energy can also be deduced, taking a derivative of Eq. (2.23) with respect to ω,
Furthermore, the vertex function for the anti-parallel spins can be calculated up to the ω 2 contributions, using the Ward identity Eq. (2.23) again,
We have shown in paper II that the low-frequency behavior of the vertex corrections with two independent frequencies Γ σσ ′ ;σ ′ σ (iω, iω ′ ; iω ′ , iω) can also be described by the Fermi-liquid theory up to the linear terms in iω and iω ′ . The results which were described using the Matsubara formalism can be converted into the real-frequency expressions in terms of the T = 0 causal Green's functions:
This asymptotically exact result captures the essential features of the Fermi liquid, and is analogous to Landau's quasi-particle interaction
One important difference is that the vertex function also has the non-analytic imaginary part which directly determines the damping of the quasiparticles.
We have also reexamined the finite-temperature corrections in paper II. We have obtain a simplified formula, with which the leading T 2 contribution of the retarded self-energy Σ r eq,σ (ω, T ) can be deduced from the derivative of Γ σσ ′ ;σ ′ σ (ω, ω ′ ; ω ′ , ω) with respect to the intermediate frequency ω ′ :
Here, Ψ r σ (ω) is a retarded function, the corresponding causal function of which is given by 
In Appendix A, we provide an alternative derivation which is also applicable to the multi-orbital case. We will discuss in the next section an exact relation between the T 2 and the (eV ) 2 contributions which was first pointed out by FMvMD. 10 In our formulation, it follows from an identity Ψ
eq,σ (ω), given in Eq. (3.13).
III. NON-EQUILIBRIUM FERMI-LIQUID RELATIONS AT FINITE MAGNETIC FIELDS
The higher-order Fermi-liquid corrections, summarized in the previous section for thermal equilibrium, are described in terms of the differential coefficients which are taken with respect to the spin-dependent impurity level ǫ dσ . The non-equilibrium Ward identities were previously obtained for the spin SU(2) symmetric case, and were used to calculate non-linear conductance through a quantum dot at low bias voltages. 12 In the formulation, the impurity-level derivatives were taken with respect to the sum ǫ d = ǫ d↑ + ǫ d↓ that does not distinguish the two spin components. In this section, we describe how the previous formulation can be extended at finite magnetic fields. Using the extended identities, we calculate the Fermi-liquid corrections to magneto-conductance through a quantum dot, and also provide transport coefficients for the thermoelectric transport of dilute magnetic alloys.
We use the Keldysh Green's function 25 for impurity electrons,
Non-equilibrium steady state driven by the bias voltage eV can be described using the noninteracting Green's function, the Fourier transform of which is given by
The retarded and the advanced Green's functions are written explicitly in the following form 
* . One of the most important properties of these Green functions is that both the bias voltage eV and temperature T enter through a local distribution function for impurity electrons,
The parameters α L and α R specify how the bias is applied relative to the Fermi level at equilibrium ω = 0.
A. Ward identities for the Keldysh Green's functions at finite magnetic fields
The corresponding self-energy satisfies the Dyson equation of a matrix form, G −1
In the Keldysh formalism, the dependence of Σ σ on the bias voltage and temperature enters through the internal G 0σ 's, each of which accompanies the non-equilibrium distribution f eff (ω). Therefore, the first few differential coefficients of this function play a central role in lowenergy properties,
Note that the low-energy limit of these two derivatives do not depend on the order to take the limits eV → 0 and ω → 0,
Here, ε is an arbitrary frequency argument, which for our purpose can be regarded as an internal frequency of a Feynman diagram. The coefficients are defined by
σ (ω) with respect to eV can be calculated by taking derivatives of the internal Green's functions in the Feynman diagrams for the self-energy. To be specific, we assign the internal frequencies ε's in a way such that every internal propagator carries the external frequency ω. Then the eV derivative of the noninteracting Green's function can be rewritten as a linear combination of the ω derivative and the ǫ d derivative which includes both spin components,
Here, the label "eq" represents the "equilibrium" limit, G
. The right-hand side of Eqs. (3.9a) and (3.9b) have been expressed in terms of the equilibrium Green's functions, which can be calculated further, as
These relations between the derivatives of the noninteracting Green's functions at finite magnetic fields keep the same form as those at h = 0. 12 Nevertheless, it is necessary for taking a variational derivative with respect to the internal Green's functions to keep track of the spin index σ.
The first two differential coefficients of Σ σ (ω) with respect to eV can be expressed in the following form, using Eqs. (3.9a) and (3.9b) for the derivatives of internal lines in the self-energy diagrams
, and thus the right-hand side of Eqs. (3.11a) and (3.11b) are written in terms of the equilibrium self-energy. The operator D 2 takes the second derivative (∂/∂ω + ∂/∂ǫ d ) 2 for each single internal Green's function of the Feynman diagrams for Σ eq,σ (ω).
12
Specifically at zero temperature, the standard T = 0 diagrammatic formulation which only needs the causal Green's function is applicable, and the right-hand side of Eqs. (3.11a) and (3.11b) can be calculated further. Taking the variational derivative of Σ −− eq,σ component with respect to the internal Green's functions and then using Eqs. (3.10a) and (3.10b), we obtain the following two identities,
The first one corresponds to the Ward identity given in Eq. (2.23). The second identity shows that
Thus, the (eV ) 2 contribution emerging through the second term of Eq. (3.11b) and the T 2 contribution determined by Eq. (2.32) appear in the self-energy as a linear combination,
Although this was known for the imaginary part, 11,12 it has not been recognized until recently that the T 2 and (eV ) 2 contributions of the real part of the self-energy are determined by the same processes. This was first pointed out by FMvDM, using the Nozières' phenomenological description. 10 Our description provides an alternative microscopic proof.
The common coefficient for the set of the (eV ) 2 and T 2 contributions can be calculated taking the ω → 0 limit for Eq. (3.13), and the result corresponding to Eq. (2.34) is given by
See Appendix A for the details, where a general proof applied to multi-orbital Anderson impurity with N components σ = 1, 2, . . . , N is given using the T = 0 causalGreen's-function formulation. The non-analytic sgn(ω) dependence in the imaginary part of Eq. (3.15) reflects the behavior caused by the branch cuts of the vertex func-
5, 16, 27, 28 This imaginary part generalizes the previous result 12 obtained at h = 0 to finite magnetic fields. It also agrees with the corresponding FMvDM's formula, 10 and with the second-order-renormalized-perturbation result as well.
29
There is, however, a discrepancy in the real part at finite magnetic fields, We give a detailed comparison between FMvDM's result and ours in Appendix C. In our diagrammatic formulation, Eq. In the situation where α = 0, the self-energy also captures the terms of order eV , ωeV , and an additional (eV ) 2 contribution emerging through the first term in the right-hand side of Eq. (3.11b). We calculate the coefficients for these terms in the following, using the lowenergy asymptotic form of Γ σσ ′ ;σ ′ σ (ω, 0; 0, ω), given in Eqs. (2.27) and (2.29).
The order eV contribution is determined by Eqs. (3.11a) and (3.12a). Using the explicit form of the vertex function given in Eqs. (2.27) and (2.29), we obtain
The order ω eV contribution can also be deduced from Eqs. (3.11a) and (3.12a), using Eqs. (2.27) and (2.29),
The additional (eV ) 2 contribution, which enters through the α 2 term in Eq. (3.11b), can be deduced from Eqs. (3.12a) using Eqs. (2.27) and (2.29):
IV. LOW-ENERGY ASYMPTOTIC FORM OF SELF-ENERGY
The low-energy behavior of the retarded self-energy for finite magnetic field Σ r σ (ω, T, eV ) can be deduced exactly up to terms of order ω 2 , T 2 and (eV ) 2 , from the results given in Eqs. (2.28) and (2.32)-(2.34) for equilibrium, and Eqs. (3.13) and (3.16)-(3.18) for finite bias voltages.
The imaginary part can be expressed in the form
The spin dependence enters through the density of states ρ dσ in the prefactor.
Owing to the recent knowledge about the double derivative Re ∂ 2 Σ −− eq,σ /∂ω 2 described in Eq. (2.28), the real part of the self-energy can also be expressed in terms of the susceptibilities, or renormalized parameters for the quasi-particles,
At zero magnetic field h = 0, the real part can be rewritten in the following form, using Eqs. (2.17)-(2.20); Figure 1 shows the ǫ d dependence of sin 2 δ, R W −1, and z at zero field h = 0 obtained with the NRG. 29 Correspondingly, their logarithmic derivatives with respect to ǫ d are shown in Fig. 2 . The derivative of the density of states ρ d = sin 2 δ/π∆ is obtained using Eq. (4.6) while the derivatives ∂ log z/∂ǫ d and ∂ log (R W − 1) /∂ǫ d are numerically evaluated from the discrete NRG data for z and R W . These derivatives with respect to ǫ d are enhanced near the two valence-fluctuation regions at ǫ d ≃ 0 and at ǫ d ≃ −U . Note that the logarithmic derivatives can be related to the β-functions for renormalization group equations.
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V. NON-EQUILIBRIUM TRANSPORT THROUGH A QUANTUM DOT
We apply the low-energy asymptotic form of the selfenergy obtained in the above to the non-equilibrium current I through quantum dots. 11, [17] [18] [19] The retarded Green's function G 
Note that ρ dσ (ω) ≡ A σ (ω, 0, 0). Then, the current I can be calculated using the Meir-Wingreen formula, 11,20
Thus, T and eV enter through the distribution function f L − f R and the spectral function A σ .
A. Conductance formula for ΓL = ΓR and α = 0
In the following, we consider the situation in which α = 0, taking the tunneling couplings and the bias voltages such that Γ L = Γ R = ∆/2 and α L = α R = 1/2. We obtain the spectral function up to terms of order ω 2 , (eV ) 2 , and
The contribution of the non-linear fluctuation, ∂χ ↑↓ /∂ǫ d,−σ , enters in the coefficient for (πT ) 2 + (3/4)(eV ) 2 through Eq. (4.2). We calculate the current I up to order (eV ) 3 using Eqs. (5.3) and (5.4), and obtain the differential conductance,
The coefficients c T,σ and c V,σ are given by
We note that the derivatives, for which sin 2δ σ are multiplied, can be rewritten in terms of the derivatives with respect to ǫ d and h,
In the particle-hole symmetric case at which ǫ d = −U/2 and h = 0, the previous result is also reproduced
10) since δ σ = π/2 and ρ dσ = 1/(π∆). The last line of Eq. (5.6) and that of Eq. (5.7) are expressed in terms of the derivative with respect to the center of the impurity levels ǫ d and the magnetic field h. We may also express these coefficients in a dimensionless way such that c T,σ (T * ) 2 and c V,σ (T * ) 2 , scaling the quadratic (πT ) 2 and (eV ) 2 parts by the characteristic energy T * = 1/4 √ χ ↑↑ χ ↓↓ that is introduced in Eq. (2.26b) and is a function of ǫ d and h:
B. Conductance away from half-filling at zero field
The coefficients given in Eqs. (5.6) and (5.7) take a much simpler form at zero magnetic field h = 0. Since ∂χ ↑↓ /∂h| h=0 = 0 as χ ↑↓ is an even function of h, we obtain
These coefficients c T,σ and c V,σ for h = 0 coincide with those of FMvDM's, 10 which were first presented in Ref. 9 by Mora, Moca, von Delft, and Zaránd (MMvDZ) away from half-filling at zero magnetic field.
Corresponding dimensionless parameters in this case are scaled by the characteristic energy T * = 1/4χ ↑↑ which increases as ǫ d deviates from the particle-hole sym- metric point as shown in Fig. 3 :
Here, W T and W V represents contributions of two-body fluctuations determined by the spin and charge susceptibilities, or the Wilson ratio R W :
17)
The other parts, Θ ↑↑ and Θ ↑↓ , represent contributions of three-body fluctuations which can also be described in terms of the non-linear susceptibilities χ [3] σ1σ2σ3 defined in Eq. (2.15):
At half-filling δ = π/2, the Wilson ratio approaches R W → 2 for the Kondo regime U 2∆, and then 2 We discuss in the following how the twobody and three-body contributions vary as ǫ d deviates away from the particle-hole symmetric point.
The behavior in the other limit at ǫ d ≫ max(U, ∆) corresponds to the empty-orbital regime as already examined by MMvDZ. 9 In the empty-orbital regime, the interaction can be neglected at low energies and thus for ǫ d → ∞ the parameters asymptotically behave such that Figure 5 shows the three-body contributions for several values of the interaction; U/π∆ = 1.0, 2.0 and 3.0. The crossover between the Kondo and empty (or fully-occupied) orbital regimes becomes sharp as U increases, and correspondingly the transient region becomes very narrow for large U . The dependence of C T and C V on ǫ d was already discussed by MMvDZ. 9 We also provide similar results in Fig. 6 in order to explicitly show how the sum of twobody and three-body fluctuations determines these coefficients. The contributions of the two-body fluctuations which enter through W T and W V dominate in the Kondo regime, whereas the three-body fluctuation give significant contributions for |ǫ d + U/2| U/2. In the |ǫ d | → ∞ limit of the empty (or fully-occupied) orbital regime, the coefficients converge towards (48/π 2 )C T → −3 and (64/π 2 )C V → −3, 9 while those in the Kondo regime are given by (48/π 2 )C T → 3 and (64/π 2 )C V → 6 for U 2π∆.
C. Conductance at finite magnetic fields for
We next consider the conductance at finite magnetic fields h = 0, applied at half-filling ξ d = 0. In this case, the average of total occupation number for both spin components is fixed at n d↑ + n d↓ = 1, and thus the phase shift for each spin component can be expressed in the form δ σ = π(1 + σm d )/2, with m d = n d↑ − n d↓ the induced magnetization. Furthermore, since ρ d↑ = ρ d↓ , χ ↑↑ = χ ↓↓ , z ↑ = z ↓ (≡ z), and the coefficients for the T 2 and (eV ) 2 terms defined in Eqs. (5.6) and (5.7) are simplified,
The three-body contribution that enters through ∂χ ↑↓ /∂ǫ d has vanished because the contributions of ↑ and ↓ spin components cancel each other out. The characteristic energy T * = 1/4χ ↑↑ in the present case depends on h as shown in Fig. 7 . We note that in FMvDM's formulas the three-body terms enter in a different way at finite magnetic fields as shown in Appendix C. h/TK 
Here, W h T and W h V represent contributions of the twobody fluctuations,
The remaining contribution of the three-body fluctuations are described by Θ M and Θ X ,
The contribution of this three-body correlation at finite magnetic fields can also be decomposed into the logarithmic derivatives of the renormalization factor and the Wilson ratio, similarly to Eqs. (4.5) and (4.6), Figure 7 shows the magnetic-field dependence of the renormalized parameters, obtained with the NRG. 29 It indicates that the induced magnetization m d and the density of states sin 2 δ = π∆ρ σ rapidly vary at small fields h T K as the Kondo resonance goes away from the Fermi level. In contrast, the wavefunction renormalization factor z and R W vary more slowly than m d and sin 2 δ σ with the energy scale of the Coulomb interaction U . Figure 8 shows the magnetic-field dependence of the contributions of two-body fluctuations and three-body fluctuations on the coefficients C 
It also has a deep minimum of Θ M ≃ −6.0, which is deeper than that of W h V ≃ −3.7, at an intermediate field h ≃ 0.02U for the case U = 3.0π∆. We also see that Θ M gives a comparable contribution with that of W h T and W h V at small fields h T K . The other three-body term Θ X also vanishes at h = 0, and at h T K it takes a very small negative value and does not contribute to C h T and C h V very much. However, it becomes comparable to Θ M at high fields h 0.1U , and then approaches lim |h|→∞ Θ X = −2 which corresponds to the value in the noninteracting case.
The lower panel of Fig. 9 shows the total contributions:
For h 0.8T K = 0.0053U , both the two-body and threebody correlations give negative contributions, and thus the minimum of C h T and also that of C h V become deeper than the minimum of the individual contributions alone. It indicates that the three-body correlation Θ M dominates the contribution on the T 2 and (eV ) 2 part of dI/dV near the minimum 0.01U h 0.1U . So far, we have used the field-dependent energy T * to scale the T 2 and (eV ) 2 dependences. In order to examine the universal Kondo-scaling behavior for small magnetic fields, however, we use T K determined at h = 0 as an h-independent characteristic energy and rescale dI/dV such that
In the right panel of Fig. 9 , C T and C V are plotted vs h/T K , using T K for each U/π∆ = 3.0, 3.5, 4.0. We see that both the coefficients C T and C V show universal Kondo behavior. This is mainly caused by the fact that the Wilson ratio is almost saturated R W ≃ 2 for strong interactions U . These two coefficients, C T and C V , also show a similar h dependence, especially they both change sign at finite magnetic field h ≃ 0.38T K of the order of the Kondo temperature. Therefore, the zero-bias peak of the conductance splits for large magnetic fields h 0.38T K as dI/dV increases from the zero-bias value as eV or T increases. 31 These observations are also consistent with the result of the second-order renormalized perturbation theory.
31,32
VI. THERMOELECTRIC TRANSPORT OF DILUTE MAGNETIC ALLOY
The Kondo effect in dilute magnetic alloy (MA) has been studied for a wide variety of 3d, 4f , and 5f electron systems. Our formulation can also be applied to these original Kondo systems. In this subsection, we provide the microscopic description of the Fermi-liquid corrections for magneto-transport properties of dilute magnetic alloys away from half-filling. Specifically, we calculate the electric resistance R MA , thermoelectric power S, and thermal conductivity κ using the linear-response formulas, 21,22
The coefficients are defined by
The factor R 0 MA is the unitary-limit value of the electric resistance at zero field. Similarly, η 0 is defined such that the T -linear thermal conductivity should take the following form in the unitary limit,
Note that thermoelectric transport through quantum dots can also be determined in a similar way 33 .
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A. Coefficients Ln,σ for finite magnetic fields
The coefficients L n,σ , defined in Eqs. (6.3), are written in terms of the inverse spectral function which physically represents the relaxation time due to the manybody scattering by the impurity at equilibrium eV = 0. For this spectral function, we use the low-energy asymptotic form given in Eq. (5.4),
Note that π∆ρ dσ = sin 2 δ σ . Using also the integration formulas,
we obtain L n,σ for n = 0, 1, and 2: 
The derivatives in the last part of L 2,σ can also be written as
∂χ ↑↓ ∂h .
(6.10)
The asymptotic exact low-temperature form of the transport coefficients R MA , S, and κ for finite magnetic fields can be explicitly written down using Eqs. (6.7)-(6.9) for Eq. (6.2). As those general Fermi-liquid expressions become rather lengthy for h = 0, we explicitly write in the following the transport coefficients of dilute magnetic alloys at zero magnetic field.
B. Thermoelectric transport coefficients at zero magnetic field
The electric resistance takes the following form at zero magnetic field h = 0 away from half-filling, Note that it reproduces the results of Yamada-Yosida in the particle-hole symmetric case, 
14) In our formulation, low-temperature expansion of the thermopower S can be carried out just for the leading T -linear term. It is determined by the derivative of the density of states at the Fermi energy ω = 0, and can be written in the following form at zero magnetic field,
Here ρ ′ d is the derivative with respect to ω, defined in Eq, (2.21).
The thermal conductivity κ can be deduced up terms of order T 3 through Eq. (6.2). At h = 0, the leading T
Using this ratio and L 2,σ given in Eq. (6.9), we can explicitly write the thermal conductivity at zero magnetic field, Here, the sign and normalization of c MA κ has been determined in such a way that the thermal resistivity, the reciprocal of κ, is written in the following form,
In the particle-hole symmetric case, Eq. (6.19) reproduces the expression that can be deduced from the result of Yamada-Yosida,
We also introduce the dimensionless coefficient in the same way as that for the coefficient C MA R of the electric resistance C. Thermoelectric effects at finite magnetic fields
We next examine thermoelectric effects at finite magnetic fields, specifically at half-filling ǫ d = −U/2. The thermopower vanishes S = 0 at half-filling also for h = 0 because the contributions of the two different spin states cancel out L 1↑ + L 1↓ = 0. It can also be explained from the fact ρ ′ d↑ + ρ ′ d↓ = 0. In this case, the density of states can be written in terms of the induced local moment, as
/π∆. The magneto-resistance and thermal conductivity can be expressed in the following form at half-filling,
Here, T * = 1/(4χ ↑↑ ) is the field-dependent energy scale used in the previous section. The dimensionless coefficient for the electric resistance R MA is given by and that for the thermal conductivity κ is
The parameters W Figure 12 shows the h dependence of these parameters for U = 3.0π∆. The two-body contributions W MA R,h and W MA κ,h are positive and vary in a relatively small range from the high-field value 3.0. For the thermal conductivity, it takes a minimum W MA κ,h = 13/7 at h = 0 and increases with h. The electric resistance part has a minimum W MA R,h ≃ 1.6 at a finite field h ≃ 0.015U . In contrast, the three-body contribution Θ M has a much bigger dip as shown in Fig. 8 . Therefore, the coefficients C MA R,h and C MA κ,h become negative in an intermediate region of the magnetic fields, typically T K h 0.1U , while both of these two coefficients are positive outside of this region. The behavior in the high-filed limit is determined by the two-body contributions W MA R,h and W MA κ,h , and the three-body contributions from Θ X .
VII. SUMMARY
In summary, we have studied low-energy properties of the steady-state Keldysh Green's function in the situations where both the bias voltage and magnetic field are finite. The (eV ) 2 real part of the self-energy has been deduced from the non-equilibrium Ward identities, using the previous result of the ω 2 real part of the self-energy. 10, 16 We have also shown that the (eV )
2 -correction and the T 2 correction of the selfenergy are determined by a common correlation function,
. It indicates that these two corrections arise as a linear combination, (πT ) 2 + (3/4)(eV )
2 , in the case where the bias voltages are applied such that α = 0. This output has previously been pointed out by FMvDM, 10 and our result provides an alternative proof. We have also provided a detailed comparison between our results and those of FMvDM.
We have applied the low-energy asymptotic form of the Green's function given in Eqs. (4.1)-(4.2) to explore the non-linear magneto-conductance of quantum dots, and also the electric resistance and thermal conductivity of dilute magnetic alloys. The Fermi-liquid corrections in the general case are determined by two different types of contributions: the two-body-fluctuation contribution described by the susceptibilities χ σσ ′ and the three-bodyfluctuation contribution enters through the non-linear susceptibilities χ [3] σ1σ2σ3 . Using the NRG, we have examined the T 2 and (eV ) 2 corrections of the transport coefficients for some particle-hole asymmetric cases. At zero field, the two-body fluctuations dominate the corrections in the Kondo regime where n d↑ + n d↓ ≃ 1 and the Wilson ratio is almost saturated R W ≃ 2. The contribution of the three-body fluctuations become significant far away from half-filling, especially in the valencefluctuation regime and empty-orbital regime. Furthermore, we have also reexamined a controversial problem of the zero-bias peak of dI/dV at finite magnetic fields. 10, 31, 32 In this case, the three-body fluctuations give a contribution that is comparable to the two-body contribution even for small magnetic fields. The three-body contribution also plays essential role in a splitting of the zero-bias peak occurring at a magnetic field, h ∼ T K , of the order of the Kondo energy scale T K . This observation based on the formula Eq. (5.24) is consistent with our previous result of the second-order renormalized perturbation theory.
32
Furthermore, we have also studied the Fermi-liquid corrections for the magneto-resistance and thermal conductivity of dilute magnetic alloys away from half-filling. The NRG result shows that the contributions of the two-body fluctuations dominate in the Kondo regime, whereas in the valence-fluctuation regime far away from half-filling the contribution of three-body fluctuations become comparable to the two-body contribution. We have also provided the formulas for higher-order Fermi-liquid corrections for the Anderson impurity with N flavor components in Appendix A. Further details of the multicomponent case will be discussed elsewhere.
The inter-electron interaction U σσ ′ generally depends on σ and σ ′ , with the requirements U σ ′ σ = U σσ ′ for σ ′ = σ. For N = 2, it describes the single-orbital Anderson model for spin 1/2 fermions which we have considered so far. The remaining part of the Hamiltonian takes the same form as Eqs. (2.2) and (2.3) but the index runs over σ = 1, 2, . . . , N . Namely, the free conduction band H c also consists of N flavor components, and H T describes the tunnelings that preserve the index σ. One of the features of interest in the multi-component impurity is that for N > 2 the three-body correlations χ [3] σ1σ2σ3 among three different components σ 1 = σ 2 = σ 3 = σ 1 also contribute to the low-energy properties. 
in terms of the vertex function illustrated in Fig. 13 . We show in the following that the zero-frequency limit is given by
The vertex function Γ σσ ′ ;σ ′ σ (ω, ω ′ ; ω ′ , ω) has lines of singularities along ω − ω ′ = 0 and ω + ω ′ = 0. 
|Γ σσ ′ ;σ ′ σ (0, 0; 0, 0)| 
In the second line, the three integrals correspond to contributions of each diagram shown in Fig. 14 . The left and middle diagrams yield the non-analytic 2 sgn(ω − ω ′ ) contribution due to the particle-hole pair excitation, and the right diagram yields the sgn(ω + ω ′ ) contribution due ′ ; ω ′ , ω) for small ω and ω ′ . The shaded square represents the zero-frequency vertex part Γ σ,σ ′′ ;σ ′′ σ (0, 0; 0, 0), which for σ ′′ = σ identically vanishes Γ σσ;σσ (0, 0; 0, 0) = 0. The singular sgn (ω − ω ′ ) term arises from the intermediate particle-hole excitation with σ ′ = σ shown in the left panel, and also from the particle-hole pair with σ ′ = σ in the middle panel. Another singular term sgn (ω + ω ′ ) arises from the particle-particle pair excitation with σ ′ = σ in the right panel.
to the particle-particle pair excitation. Taking first the limit ω ′ → 0 keeping the external frequency ω finite, we obtain the imaginary part of Eq. 
The real part of Ψ −− σ (ω) does not have the nonanalytic sgn(ω) dependence, and it can be deduced from Eq. (3.13) by taking first the ω → 0 limit,
The second term of Eq. (A6) can be expressed in the form
Γ σσ ′ ;σ ′ σ (0, 0; 0, 0) ρ
D
